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ON THE MEAN EULER CHARACTERISTIC OF
CONTACT MANIFOLDS
JACQUELINE ESPINA
Abstract. We express the mean Euler characteristic of a contact structure
in terms of the mean indices of closed Reeb orbits for a broad class of contact
manifolds, the so-called asymptotically finite contact manifolds. We show that
this class is closed under subcritical contact surgery and examine the behavior
of the mean Euler characteristic under such surgery. To this end, we revisit
the notion of index-positivity for contact forms. We also obtain an expression
for the mean Euler characteristic in the Morse-Bott case.
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1. Introduction and main results
1.1. Introduction. In this paper, we establish several formulas expressing the
mean Euler characteristic (MEC) of a contact manifold via local invariants of pe-
riodic orbits of a Reeb flow. True to its name, the mean Euler characteristic is the
average alternating sum of the ranks of cylindrical or linearized contact homology.
This is a powerful enough invariant to distinguish inequivalent contact structures
within the same homotopy class, such as classes of Brieskorn manifolds [vK1], in-
cluding Ustilosky spheres, [U1]. On the other hand as was observed in [GK], the
MEC of a contact manifold can be calculated using only local properties of closed
Reeb orbits (the mean indices), provided that the Reeb flow has only a finite num-
ber of simple closed orbits. The latter restriction is quite severe and there are very
few contact manifolds meeting this requirement.
Our first goal in this paper is to relax the finiteness requirement and replace
it by a much more flexible condition which we refer to as asymptotic finiteness.
The essence of this condition is that all homological information is carried by a
finite collection of orbits shared by a sequence of contact forms, while the indices
of the remaining orbits grow and hence their contribution to the contact homology
is trivial for any given degree. The contact structures satisfying this condition are
quite common and as a consequence of our formula, for each such contact structure,
the MEC can be calculated by elementary means bypassing the differential of the
contact homology. Furthermore, we show that asymptotic finiteness is preserved
by subcritcal surgery, (cf. [U2, W, Y]), and that the MEC changes under such
surgery in a very simple way. Namely, the difference between the MEC before and
after a surgery is ± 12 for contact manifolds of dimension greater than or equal to 5.
This is automatically true in dimension 3 for the linearized MEC (i.e., the contact
connect sum operation changes the MEC by − 12 ) and we expect to soon show the
same is true for the cylindrical version, see Section 5.5. On the other hand, the
behavior of contact homology under contact surgery is more involved and is still
to be discussed in literature on a rigorous level (cf. [Bo3, BEE, BVK]). We also
prove a simple formula expressing the mean Euler characteristic for contact forms
of Morse-Bott type.
An integral part of our analysis is a new notion of index-positivity, called here
weak index-positivity, relaxing the notion introduced by Ustilosky in [U1], and later
investigated by van Koert in [vK1]. Both notions depend on a certain extra struc-
ture. For Ustilosky’s index-positivity, this is a stable trivialization of a contact
structure ξ. (Hence ξ must be stably trivial.) For weak index-positivity, thinking
of ξ as a complex vector bundle, this is a section of the determinant line bundle of
MEAN EULER CHARACTERISTIC 3
ξ, and hence the only requirement we have is that c1(ξ) = 0. The latter condition
is much more likely to survive a subcritical surgery and we show that, whenever
this is the case, so does weak index-positivity.
1.2. Main results. Let (M, ξ) be a closed contact manifold. Denote the con-
tact homology by HC∗(M, ξ). For the sake of simplicity, we restrict ourselves to
cylindrical contact homology of (M, ξ) although our results translate to linearized
contact homology in a straightforward fashion; see Section 6.2. We refer the reader
to [Bo3, BO1, EGH, Ge] for a general introduction to contact manifolds and con-
tact homology. Throughout this paper, we assume that c1(ξ) = 0. The contact
homology of M breaks down as a direct sum over free homotopy classes of Reeb
orbits. Thus the contact homology is defined for any collection of such classes. In
what follows, we implicitly assume that this collection is {0}, that is, we consider
only homologically trivial orbits. However, we can work with all closed Reeb orbits.
One should be aware that for homologically non-trivial Reeb orbits, the grading is
not unambiguously defined and requires fixing an extra structure on (M, ξ). In our
case, a convenient way to eliminate this ambiguity is by picking a section of the
determinant line bundle of ξ; see Section 6.1.
Assume that the following condition is satisfied:
(CF) There are integers l+ and l− such that HCl(M, ξ) is finite dimensional for
l ≥ l+ and l ≤ l−.
Then we set the positive/negative mean Euler characteristic of (M, ξ) to be the
following:
χ±(M, ξ) := lim
N→∞
1
N
N∑
l=l±
(−1)l dimHC±l(M, ξ), (1.1)
provided that the limits exist. When both limits exist, themean Euler characteristic
is set as
χ(M, ξ) :=
χ+(M, ξ) + χ−(M, ξ)
2
. (1.2)
The MEC was introduced by van Koert in his investigation of contact structures of
a certain class of Brieskorn manifolds; see [vK1]. In a slightly different context, it
was also considered by Ekeland-Hofer [EH], Rademacher [Ra], and Viterbo [Vi]. As
has been pointed out, the mean Euler characteristic can also be defined for various
flavors of contact homology as well as restricted to a specific collection of homotopy
classes of closed Reeb orbits.
The calculation of HC∗(M, ξ) becomes transcendentally difficult when the Floer
differential ∂ is nontrivial. On the other hand, similarly to the ordinary Euler
characteristic, the mean Euler characteristic can sometimes be calculated in terms of
closed Reeb orbits without reference to ∂. One such case is considered by Ginzburg
and Kerman in [GK].
Namely, it is shown in [GK] that if the following condition is satisfied,
(CHF) The Reeb flow has finitely many simple periodic orbits,
and the contact homology is defined, then the MEC is also defined and can be
expressed as a sum involving only topological indices and the mean indices of the
simple Reeb orbits. The finiteness condition (CHF) is quite restrictive. Our first
goal is to generalize Ginzburg and Kerman’s formula to contact forms with infinitely
many simple closed Reeb orbits in a meaningful way. The first such generalization
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is to an asymptotically finite manifold mentioned above; for the definition, see
Section 3.1.
Theorem 1.1 (MEC formula: asymptotically finite version). Let (M2n−1, ξ) =
{(M,αr)} be an asymptotically finite contact manifold and assume that for each
contact form αr, there are no Reeb orbits of degree −1, 0 or 1. Then the mean
Euler characteristic is defined and
χ±(M, ξ) =
∑± σxi
∆xi
+
1
2
∑± σyi
∆yi
, (1.3)
where
∑+
(respectively
∑−
) stands for the sum over the sequences of good principal
orbits with positive (respectively negative) asymptotic mean index.
Here, σz and ∆z are the (asymptotic) topological and mean indices of a principal
Reeb orbit z; see Section 3.1. We use x and y to distinguish between the two
different types of good Reeb orbits that generate the contact chain groups. More
specifically, we let x and y denote the Reeb orbits such that the parity of µCZ(x
k)
remains constant under k iterations while the parity of µCZ(y
k) alternates.
An important feature of the class of asymptotically finite contact manifolds is
that this class is essentially closed under subcritical contact surgery.
Theorem 1.2. Let (M2n−1, ξ) = {(M,αr)} be an asymptotically finite contact
manifold. Suppose there is a non-vanishing section s of (Λn-1
C
ξ)⊗2 such that each
αr is weakly index-positive with respect to s. Denote by (M
′, ξ′) a contact manifold
obtained from performing a subcritical contact surgery to (M, ξ) of index k. If
c1(ξ
′) = 0 and if s extends over the surgery, then (M ′, ξ′) is asymptotically finite
and also weakly index-positive with respect to some extension s′ of s.
In fact, we prove a more general result (Theorem 5.6), and as a consequence, we
have the following:
Corollary 1.3. Let (M, ξ) = {(M,αr)} and (M ′, ξ′) be contact manifolds that
satisfy the conditions of Theorem 1.2 and also assume that n > 2. In addition, for
each contact form αr, assume there are no Reeb orbits of degree −1, 0 or 1. Then,
χ(M ′, ξ′) = χ(M, ξ) + (−1)k
1
2
. (1.4)
Remark 1.4. A surgery of index k = 1 is the contact connect sum. It has been
pointed out by Chris Wendl that this operation in dimension 3 introduces a con-
tractible closed Reeb orbit of degree 1. (This simple fact was missed in the first
version of this paper.) The condition that there are no contractible closed Reeb
orbits of degree −1, 0, and 1, is required to define cylindrical contact homology.
However, Equation 1.4 still holds for the linearized mean Euler characteristic in
this dimension, see Section 6.2. At this moment, we are working to prove the same
is true for the cylindrical MEC, see Section 5.5.
Remark 1.5. As previously mentioned, weak index-positivity is a property of a
contact form that is very likely to survive subcritical surgery and now we elaborate
on this point. Suppose (M ′, ξ′) is a contact manifold obtained by performing contact
surgery on (M2n−1, ξ) of index k; see [W, Y]. Part of this procedure, very roughly
speaking, involves removing a small neighborhood of an embedded isotropic sphere
Sk−1M and glueing a certain contact manifold H in its place. This contact manifold
H can be thought of as a subset Dk × S2n−k−1 of Dk × D2n−k modelled in the
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standard symplectic space (R2n, ω0) and attached to M along S
k−1 × S2n−k−1, by
using the isotropic (k − 1)-attaching sphere Sk−1 × {0}.
Assume c1(ξ) = 0. Under contact surgery, except for possibly the case k = 2,
the first Chern class does not change and a given section s automatically extends
to the new manifold. Suppose k = 2 : If S1 is contractible, then glueing in a 2-disc
can possibly change the first Chern class. We would need to require c1(ξ
′) = 0, and
then s uniquely extends up to homotopy. If S1 is not contractible, then c1(ξ
′) = 0
automatically; however, the section may fail to extend.
Remark 1.6. We again point out that the effect of subcritical surgery on contact
homology is still to be discussed in literature on a rigorous level. (However, see
[Bo3, BVK] for the case of connected sums.) Corollary 1.3 gives a simple criterion
of when a weakly index-positive contact manifold can be obtained from another via
a sequence subcritical surgery. For instance, this cannot be the case for Ustilosky
spheres; see Section 8.
Although a contact manifold of Morse-Bott type with finitely many simple Reeb
orbifolds admits a set of asymptotically finite contact forms, the mean Euler char-
acteristic can be computed without explicitly finding such a set. This is our next
result, a Morse-Bott version of Ginzburg-Kerman’s theorem. In this setting, closed
Reeb orbits form smooth submanifolds. After taking the quotient of these sub-
manifolds by the natural S1-action induced by the Reeb flow, these orbit spaces
are generally orbifolds. Furthermore, under suitable additional requirements on
(M,α), the Morse-Bott contact homology of (M,α) is defined and isomorphic to
the cylindrical contact homology; see [Bo1]. Given in Section 7.1, these require-
ments are spelled out in Theorem 7.4 which is a main result in [Bo1]. With this
approach, we prove:
Theorem 1.7 (MEC Formula: Morse-Bott version). Let (M,α) be a contact man-
ifold of Morse-Bott type with finitely many simple Reeb orbifolds satisfying the con-
ditions of Theorem 7.4. Then the mean Euler characteristic of (M,α) is defined
and
χ±(M, ξ) =
∑
max’l ST
±σ(ST ) e(ST )
∆(ST )
, (1.5)
where
∑+
(respectively
∑−
) stands for the sum over all maximal orbifolds ST with
positive (respectively negative) mean index.
This time, the MEC formula involves the indices σ(·) and ∆(·) defined for Reeb
orbifolds. We denote by e(S), the following orbifold invariant. Given an orbifold
CW decomposition of a Reeb orbifold S, we set
e(S) :=
∑
σ¯
(−1)dim σ¯|Stab(σ¯)|, (1.6)
where the sum runs over the q-cells σ¯ of the decomposition, and |Stab(σ¯)| is the
order of the stabilizer subgroup. In a more general context, e(·) is introduced in
[ALR] as a variant of the orbifold Euler characteristic naturally arising in orbifold
K-theory; this is discussed in Section 7.4. The Morse-Bott version of the MEC
formula generalizes the relation established in [Ra] for geodesic flows and also for
closed characteristics on convex hypersurfaces in [HLW].
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Remark 1.8. In the Morse-Bott case, the MEC formula has a simpler form than in
both the asymptotically finite and Ginzburg-Kerman’s versions. This is due to the
assumption of Theorem 7.4 that there are no bad Reeb orbifolds.
Remark 1.9. Suppose (M,α) is of Morse-Bott type but not all the conditions of
Theorem 7.4 are satisfied. For instance, if (M,α) is not required to be index-
positive or negative, the Morse-Bott contact homology appears to still be defined
although perhaps not necessarily isomorphic to the cylindrical contact homology.
The MEC formula (1.5) still holds, but now the mean Euler characteristic is set
via the Morse-Bott contact homology. Index positivity/negativity is necessary to
push “unpredictable” orbits away to infinite index. It has been brought to our
attention by van Koert that in [BVK] there are ingredients to remove or relax this
assumption.
Remark 1.10. We again emphasize that homologically non-trivial classes of Reeb
orbits can be taken into account and that there are also linearized contact homology
versions of these results; see Sections 6.1 and 6.2.
Remark 1.11. One can also define the mean Euler characteristic for symplectic
homology of a symplectic manifold (W,ω) with boundary ∂W of contact type.
However, this Euler characteristic is always zero whenever χ±(W,ω) exists. This
follows from the long exact sequence relating the symplectic and contact homology
in [BO1]. On the intuitive level, this is to be expected because every closed Reeb
orbit contributes to the chain groups in symplectic homology two generators with
degree difference equal to 1.
Remark 1.12. For a symplectic manifold with boundary of contact type as above,
another variant of the MEC is given in [FSvK] for the positive part of the equivariant
symplectic homology of (W,ω) (as defined in [BO2, Vi2]). In [FSvK], there is also
an expression for the mean Euler characteristic which generalizes our Morse-Bott
version of the MEC formula for circle bundles that we give in Example 8.2.
Remark 1.13. Finally, we would like to acknowledge that a rigorous construction of
contact homology depends on a variety of transversality issues, which are currently
being worked out; see [HWZ1, HWZ2, HWZ3] and [CM], and also [LT] and [FOOO]
for the case of Floer homology. We refer the reader to [Bo3, BO1] for a detailed
discussion of transversailty in this context.
1.3. Organization of the paper. In Section 2, we briefly recall the definition
of the mean index and contact homology, and set our conventions and notation.
Asymptotically finite contact manifolds are defined in Section 3.1 and we prove
Theorem 1.1 in Section 3.2. Weak index-positivity is introduced in Section 4.2.1.
Contact surgery and handle attaching make the main theme of Section 5 which
also includes the proofs of Theorem 1.2 and Corollary 1.3. The variants of the
MEC formulas for non-contractible and linearized contact homology are discussed
in Section 6. Section 7 deals with the Morse-Bott version of the MEC formula and
here we prove Theorem 1.7. Finally in Section 8, some examples are given.
1.4. Acknowledgments. The author would like to express her gratitude to Viktor
Ginzburg for his constant interest, encouragement, advice, and introducing her to
symplectic geometry and contact homology. The author would also like to thank
Yasha Eliashberg, Hansjo¨rg Geiges, Alexandru Oancea, and Otto van Koert for
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with contact surgery in dimension 3 and also for giving helpful suggestions.
2. Preliminaries
2.1. Indices of symplectic paths. In this section, we set some notation and state
some properties for the mean and Conley-Zehnder indices defined for paths of sym-
plectic transformations; see [Lo, SZ] for definitions. Let (R2n, ω0) be the standard
symplectic vector space with a compatible complex structure J0 and denote by
Sp(2n), the symplectic matrices represented in the standard symplectic basis. For
a path of symplectic maps Ψ: [0, T ]→ Sp(2n), set ∆(Ψ) to be its mean index, and
if Ψ is non-degenerate (i.e., det(Ψ(T )−I) 6= 0), the Conley-Zehnder index is defined
and we denote this by µCZ(Ψ). The mean index is a homogenous quasimorphism,
i.e., this index satisfies the following:
(Hom) if Ψ(0) = I and Ψ(kT + t) = Ψ(t)Ψ(T )k for every k ∈ N and t ≥ 0, then
∆(Ψk) = k∆(Ψ) for every k ∈ N, and
(QM) |∆(Ψ1Ψ2) −∆(Ψ1) − ∆(Ψ2)| < c where the constant c is independent of
the paths.
For non-degenerate paths, we have:
(I1) |µCZ(Ψ)−∆(Ψ)| < n, and
(I2) limk→∞
µCZ(Ψ
k)
k = ∆(Ψ).
There is a generalization of the Conley-Zehnder index introduced by Robbin
and Salamon given in [RS]. This approach provides a useful way to compute the
Conley-Zehnder index and extends the index to degenerate symplectic paths. In
most of this paper, we also call this the Conley-Zehnder index.
2.2. Cylindrical contact homology. Throughout this paper, (M2n−1, ξ) is a
closed contact manifold and c1(ξ) = 0. Let α be a contact form for ξ, denote the
Reeb field by Rα, the Reeb flow after time t by ϕ
t, and suppose x : [0, T ]→M is a
Reeb trajectory. The linearized Reeb flow preserves the symplectic form dα giving
rise to a family of symplectic maps dϕtx : ξx(0) → ξx(t) along x. Suppose x is a
periodic Reeb orbit. In a given trivialization Φx of ξ along x, set ∆(x) := ∆(dϕ
t
x),
and if x is non-degenerate (i.e. det(I − dϕtx) 6= 0), set µCZ(x) := µCZ(dϕ
t
x). When
x is homologically trivial, there is a canonical way to trivialize ξx and both indices
are independent of Φx. However, if x is homologically non-trivial, both ∆(x) and
µCZ(x) depend on the trivialization.
Contact homology can be thought of as a Morse theory for the action functional
on the loop space of M ,
A : C∞(S1,M)→ R, γ 7→
∫
γ
α .
The critical points of A are the closed orbits of the Reeb flow with period T = A(γ)
when parameterized so that γ˙(t) = Rα(γ(t)). For A to be a Morse functional,
the contact form must be chosen generically. This means that all closed Reeb
orbits are non-degenerate. When there are homologically non-trivial Reeb orbits,
ambiguity arises in the definition of contact homology due to the dependency of
µCZ(γ) on Φx. However, contact homology can be restricted to homotopy classes
of the Reeb orbits, so for simplicity, we may first consider only contractible closed
Reeb orbits. This also works for homologically trivial orbits, and throughout this
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paper, contractibility can be replaced by homological triviality. A brief description
of the contact chain complex restricted to the contractible class is given here and a
discussion about the homologically non-trivial Reeb orbits can be found in Section 6.
Suppose γ is a simple closed Reeb orbit and denote by γk its kth iteration.
Determined by the way µCZ(γ
k) behaves, γ can be one of the following two types.
Either,
(I) the parity of µCZ(γ
k) is the same for all k ≥ 1, or
(II) the parity for the even multiples µCZ(γ
2k), k ≥ 1, disagrees with the parity
of the odd multiples µCZ(γ
2k+1), k ≥ 1.
All even iterations of type II orbits are called bad and closed Reeb orbits that
are not bad are called good. For any closed Reeb orbit γ, its degree is set as
|γ| := µCZ(γ) + n − 3. The cylindrical contact chain complex C∗(M,α) is the Q-
module freely generated by the good Reeb orbits graded by | · |. The differential ∂
counts holomorphic cylinders between the good orbits of degree difference 1 in the
symplectization of (M,α), however, our results do not explicitly use ∂ so we refer the
reader to [Bo3] for its definition. If there are no contractible closed Reeb orbits of
degree−1, 0, and 1, then cylindrical contact homology is defined and independent of
α as well as the complex structure J . To simplify notation, we write HC∗(M, ξ) for
cylindrical contact homology and use the notation HCcyl∗ (M, ξ) when we compare
this with other variants of contact homology.
3. Asymptotically finite contact manifolds
3.1. Asymptotically finite contact manifolds. In this section, all periodic
Reeb orbits are assumed to be non-degenerate and contractible. See Section 6
for a discussion on classes of non-contractible Reeb orbits.
For a contact form α for ξ, consider the subset Pd(α) := {γ : −d ≤ |γ| ≤ d} of
closed Rα-orbits γ and a topological index of an orbit σ(γ) := (−1)|γ|. Suppose
there is a sequence of contact forms {αr} for ξ that satisfies the following.
(AF1) For each αr, there is a set of simple Reeb orbits {γ1(r), . . . , γm(r)}, where
m is independent of αr.
(AF2) There is an increasing sequence of integers {dr} such that if γ ∈ Pdr(αr),
then γ is an iteration of some γi(r), i.e., γ = γi(r)
k .
(AF3) The mean indices of each sequence converge: ∆(γi(r))→ ∆i.
(AF4) The sign σ(γi(r)) is independent of r.
Definition 3.1. The closed trajectories {γ1(r), . . . , γm(r)} of (AF1) are called the
principal Reeb orbits of αr, the limits {∆1, · · · ,∆m} are called asymptotic mean
indices, and set σi := σ(γi(r)) for each i. We say the contact manifold (M, ξ) is
asymptotically finite and write (M, ξ) = {(M,αr)}.
3.2. Proof of Theorem 1.1. We establish the result for χ+ and the result for χ−
is proved similarly. Let (M, ξ) = {(M,αr)} be asymptotically finite. Recall from
Section 2 that there are two types of simple closed Reeb orbits. Distinguish the
type I and II principal Reeb orbits in (AF1) by xi(r) and yi(r) respectively. Also
recall that
|µCZ(γ
k)− k∆(γ)| < n− 1, (3.1)
and hence
− 2 < |γk| − k∆(γ) < 2n− 4 (3.2)
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holds for any periodic orbit of a Reeb flow.
Let {dr} be the increasing sequence for (M, ξ) = {(M,αr)} satisfying (AF2).
The complex C∗(M,αr) is generated by all iterations of type I and odd iterations
of type II Reeb orbits of αr. There are integers l+ and l− such that Cl(M,αr) are
finite dimensional whenever l+ ≤ l ≤ dr and −dr ≤ l ≤ l−. The integers can be
taken as l+ = 2n − 4 and l− = −2 which follows from (3.2) and by the fact that
there are finitely many principal Reeb orbits. We can take {αr} starting with r
such that dr ≥ 2n− 4. Denote by C
dr
∗ (αr) the truncated complex C∗(M,αr) from
below at l+ and from above at dr. Set
Cdrl (αr) =
{
Cl(M,αr) if l+ ≤ l ≤ dr,
0 otherwise.
The complex Cdr∗ (αr) is generated by the iterations xi(αr)
k and yi(αr)
k (for odd
k) such that |xi(αr)k| and |yi(αr)k| ranges from l+ to dr. By (3.2), this can happen
only when ∆(xi(r)) > 0 and ∆(yi(r)) > 0. Using (3.2) again, we see that orbits
with positive mean indices xi(αr)
k and yi(αr)
k are in Cdr∗ for k ranging between a
constant (dependent on the orbit, but independent of dr) up to roughly dr/∆(xi(r))
and dr/∆(yi(r)) up to a constant independent of dr. The sequence {αr} has the
property that mean indices converge to ∆xi and ∆yi as r → ∞. When R is
taken large enough, k ranges roughly between some constant to roughly dr/∆xi
and dr/∆yi whenever r ≥ R. The parity of |xi(r)
k| and |yi(r)k | are independent of
k, σ is independent of r for each i, and so σ(xi(r)
k) = σ(xi(r)) = σxi for all k and
σ(yi(r)
k) = σ(yi(r)) = σyi for all k odd. Then for large R, the contribution to the
Euler characteristic
χ(Cdr∗ (αr)) :=
∑
(−1)l dimCdrl (αr) =
dr∑
l=l+
(−1)l dimCdrl (αr)
by each xi(r) and yi(r) is dr · σxi/∆xi + O(1) and (dr · σyi/∆yi + O(1))/2 for all
r ≥ R. Then we have
χ(Cdr∗ (αr)) = dr
(∑+ σxi
∆xi
+
1
2
∑+ σyi
∆yi
)
+O(1),
and hence
lim
r→∞
χ(Cdr∗ (αr))
dr
=
∑+ σxi
∆xi
+
1
2
∑+ σyi
∆yi
.
To finish the proof, it remains to show that
χ+(M, ξ) = lim
r→∞
χ(Cdr∗ (αr))
dr
.
By the definition of Cdr∗ , we have Hl
(
Cdr∗
)
= HCl(M, ξ) when l+ < l < dr. Fur-
thermore, |Hdr
(
Cdr∗
)
−HCdr(M, ξ)| = O(1) since dimCdr(M,αr) = O(1). Hence,
χ
(
Cdr∗
)
=
∑
l
(−1)l dimHl
(
Cdr∗
)
=
dr∑
l=l+
(−1)l dimHCl(M, ξ) +O(1)
and the MEC formula follows. This completes the proof of the theorem.
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4. Weakly index-positive contact manifolds
In this section, we introduce weakly index-positive contact manifolds, a notion
similar to Ustilosky’s index-positivity where the unitary index takes the role of the
Conley-Zehnder index. This section includes the definition of the unitary index and
a recollection of some useful properties which associates this index to its various
relatives. We also include a discussion about index-positivity.
4.1. The unitary index for symplectic paths. We give the definition of unitary
index, discuss some of its properties and its relations to other indices.
4.1.1. Definition of the unitary index. Let (V, ω) be a symplectic vector bundle over
a manifold M of rank 2n and fix an ω-compatible complex structure J making V
a Hermitian vector bundle. Denote by Λn
C
V the top exterior complex power of V .
Assume c1(V ) = 0, then c1(Λ
n
C
V ) = 0 and so this line bundle is trivial. Fix a
section s of the unit circle bundle S1[(Λn
C
V )⊗2] in (Λn
C
V )⊗2, and then for p ∈ M,
choose a symplectic basis of Vp with respect to s. This means to take a symplectic
basis {e1, · · · , en, J0e1, · · · , J0en} of Vp such that {e1, · · · , en} is a unitary frame
that satisfies (Λnj=1ej)
⊗2 = s(p).
Consider a curve γ : [0, T ]→ M , let Vt denote Vγ(t) ∈ V , and denote by Sp(Vt)
the set of symplectic maps of Vt. For t ∈ [0, T ], suppose Ψ(t) : V0 → Vt is a con-
tinuous path of symplectic maps over γ starting at the identity. Let {ej, J0ej}nj=1
and {fj , Jtfj}
n
j=1 be symplectic bases chosen with respect to s for V0 and Vt, re-
spectively. Suppose A(t) ∈ Sp(Vt) represents {Ψ(t)(ej),Ψ(t)(J0e1)}nj=1 in the basis
{fj, Jtfj}
n
j=1. Next, take the polar decomposition A(t) = P (t)U(t), where P (t)
and U(t) are the symmetric, positive-definite and unitary parts, respectively. De-
fine θ(t) by det2C(U(t)) = e
2iθ(t). Note that θ(t) is continuous as it continuously
depends on A(t), and A(t) continuously depends on Ψt and s. Also, note that
θ(0) = 0 since A(0) = I.
Definition 4.1. Let Ψ(t) : V0 → Vt be a path of symplectic maps over a curve
γ : [0, T ]→M starting at the identity. The unitary index of Ψ with respect to s is
defined by
µ(Ψ; s) =
θ(T )
π
,
where θ(T ) is defined as above.
The unitary index is well-defined: For another choice of unitary frames {e′j}
n
j=1
and {f ′j}
n
j=1 for V0 and Vt, respectively, there are change of basis matrices Be from
{ej}nj=1 to {e
′
j}
n
j=1, and Bf from {fj}
n
j=1 to {f
′
j}
n
j=1. We required
(Λnj=1e
′
j)
⊗2 = s(0) and (Λnj=1f
′
j)
⊗2 = s(t).
Both Be and Bf have complex determinant ±1. If A′(T ) is the change of basis
between {Ψ(t)(e′j)}
n
j=1 and {f
′
j}
n
j=1 , then det
2
CA
′(T ) = det2CA(T ).
Remark 4.2. Although this definition depends on the choice of s, given any homo-
topic section, say s′(x) = eif(x) · s(x) where f : M → R, the difference between
µ(Ψ; s) and µ(Ψ; s′) is bounded by a constant independent of γ. Moreover, if γ is a
closed path, i.e., γ(0) = γ(T ) and hence VT = V0, then µ(Ψ; s) = µ(Ψ; s
′). Indeed,
we must have f(γ(0)) = f(γ(T )) since s(γ(0)) = s(γ(T )) and s′(γ(0)) = s′(γ(T )).
Also note that when π1(M) = 0, all sections of S
1[(Λn-1
C
ξ)⊗2] are homotopic, and
so we have the following:
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Proposition 4.3. If π1(M) = 0, then µ(γ; s) is independent of the section s for
any closed orbit γ.
4.1.2. Related indices. The unitary index is a vector bundle version of a quasimor-
phism defined for symplectic transformations of a symplectic vector space consid-
ered by Dupont [Du], and Guichardet and Wigner [GW]. We can present this quasi-
morphism for symplectic maps of the standard symplectic vector space (R2n, ω0)
with a compatible complex structure J0. Let Φ0 = {e1, · · · , en} be the standard
unitary frame and take a map A ∈ Sp(2n). Let A = UP be the polar decomposi-
tion where U is unitary and P is symmetric, positive-definite. This index is set as
∆DGW(A) := ∆(U). We recall some properties associated with ∆DGW.
(I3) The index ∆DGW is a quasimorphism:
|∆DGW(AB)−∆DGW(A) −∆DGW(B)| ≤ K,
where the constant K depends on n; see [Du].
(I4) The mean index is related to ∆DGW via the following:
|∆DGW(A)−∆(A)| ≤ C,
where C is a constant that only depends on n; see [BG].
(I5) Let s0 = (Λ
n
j=1ej)
⊗2. For a non-degenerate path of symplectic transforma-
tions A(t) ∈ Sp(2n) such that A(0) = I, the following holds:
|µ(A; s0)− µCZ(A; Φ0)| ≤ C
′,
where C′ is a constant that only depends on n; see below.
Recall that for a non-degenerate symplectic path A(t) ∈ Sp(2n), we also have
properties (I1) and (I2) relating µCZ(Ψ) and ∆(Ψ) given in Section 2. By (I1), (I4),
and the observation that µ(A; s0) = ∆DGW(A), the relation (I5) follows.
We also mention a version of (I5) holds for degenerate paths of symplectic trans-
formations. In that case, replace µCZ with the generalized Conley-Zehnder index.
4.1.3. The unitary catenation lemma. Again consider the setting of Section 4.1.1:
Let V be a symplectic vector bundle over a manifold M with c1(V ) = 0, fix a
section s of S1[(Λn
C
V )⊗2]. Let γ : [0, T ]→M be a curve on M and Ψ(t) : V0 → Vt
be a path of symplectic maps over γ starting at the identity. For 0 < T1 < T , we
have
µ(Ψ, s) = µ(Ψ|[0,T1]; s) + µ(Ψ|[T1,T ]; s).
On the otherhand, suppose for some T1 ∈ [0, T ], we have paths of symplectic
maps Ψ1(t) and Ψ2(t) over γ1 = γ|[0,T1] and γ2 = γ|[T1,T ], respectively. If both
Ψ1(t) and Ψ2(t) start at the identity, their catenation is defined as
(Ψ1 ∗Ψ2)(t) =
{
Ψ1(t), 0 ≤ t ≤ T1,
Ψ2(t)Ψ1(T1), T1 ≤ t ≤ T.
Lemma 4.4 (µ-Catenation lemma). For the paths of symplectic maps Ψ1 and Ψ2
as above, we have
|µ(Ψ1 ∗Ψ2; s)− µ(Ψ1; s)− µ(Ψ2; s)| ≤ b,
where b is a constant that depends on the rank of V .
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Proof. Set Ψ(t) := Ψ2(t) ◦ Ψ1(T1) : V0 → Vt and suppose A(t) are symplectic
matrices representing Ψ(t) with respect to s. Note that
µ(Ψ1 ∗Ψ2; s) = ∆DGW(A(T )) = µ(Ψ; s).
The lemma holds by the following claim:
|µ(Ψ; s)− µ(Ψ1; s)− µ(Ψ2; s)| ≤ b,
where the constant b depends on the rank of V .
Fix a Hermitian basis {ej}nj=1, {e
′
j}
n
j=1, {fj}
n
j=1 for V0, VT1 , VT with respect to s.
In this fixed basis, let A1(t), A2(t), A(t) ∈ Sp(Vt) represent Ψ1(t), Ψ2(t), Ψ(t), and
denote their unitary parts by U1(t), U2(t), U(t), respectively. Let θ1(t), θ2(t), θ(t)
be maps defined by det2C(U1(t)) = e
iθ1(t), det2C(U2(t)) = e
iθ2(t), det2C(U(t)) = e
iθ(t),
respectively. Then,
µ(Ψ1(t); s) = ∆DGW(A1(T1)) =
θ1(T1)
π
, µ(Ψ2(t); s) = ∆DGW(A2(T )) =
θ2(T )
π
,
and µ(Ψ(t); s) = ∆DGW(A(T )) =
θ(T )
π
.
Denote by B(t), the change of basis from {Ψ2(t)(e′j),Ψ2(t)(Jte
′
j)}
n
j=1 to {Ψ2(t) ◦
Ψ1(T1)(ej),Ψ2(t) ◦Ψ1(T1)(J0ej)}nj=1. Then A(t) ◦B(t) = A2(t).
V0
{ej},
(Λn
C
ej)
⊗2 = s(γ(0))
//
Ψ1
''❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
VT1
{e′j},
(Λn
C
e′j)
⊗2 = s(γ(T1))
//
Ψ2
''❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
A1(T1)

VT
{fj},
(Λn
C
fj)
⊗2 = s(γ(T ))
A2(T )
 A(T )
}}
{Ψ1(T1)(ej)}
Ψ2
))❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
{Ψ2(T )(ej)}
B(T )

{Ψ2(T )(Ψ1(T1)(ej))}
The quasimorphism property (I3) of ∆DGW holds for symplectic maps on any
symplectic vector space. In particular, we apply (I3) for maps in Sp(VT ), and so
|∆DGW(A(T ))−∆DGW(A1(T1))−∆DGW(B(T ))| ≤ bVT ,
where bVT is a constant that depends only on the rank of Sp(VT ). Then since
∆DGW(B(T )) = ∆DGW(A1(T1)) and the rank of Sp(Vp) is the same for all p ∈ M ,
we have
|µ(Ψ; s)− µ(Ψ1; s)− µ(Ψ2; s)| ≤ b,
where b depends on the rank of V .

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4.2. Weakly index-positive contact manifolds. In this section, we define weak
index-positive contact manifolds and discuss Ustilosky’s index-positivity.
4.2.1. Weak-index positivity. Let (M, ξ) be a contact manifold with c1(ξ) = 0
and fix a section s of S1[(Λn-1
C
ξ)⊗2]. Let α be a contact form for ξ, denote
the Reeb vector field by Rα, let x : [0, T ] → M be a Reeb trajectory, and set
Ψ(t) := dϕtx : ξx(0) → ξx(t), for t ∈ [0, T ]. Suppose A(t) ∈ Sp(ξx(t)) represents Ψ(t)
with respect to s, for each t ∈ [0, T ], and denote the unitary part of A(t) by U(t).
Define the map θ(t) by det2C(U(t)) = e
iθ(t).
Definition 4.5. The unitary index of a Reeb trajectory x : [0, T ]→M with respect
to s is defined to as
µ(x; s) := µ(Ψ; s) :=
θ(T )
π
.
Definition 4.6. A contact form α for (M, ξ) is said to be weakly index-positive
with respect to s if there exists constants κ1 > 0, κ2 such that
µ(γ; s) ≥ κ1A(γ) + κ2,
for any Reeb trajectory γ with action A(γ). We call (M, ξ) weakly index-positive if
ξ = ker(α), for some contact form α that is weakly index-positive with respect to
some section s. (Weak index-negativity can be defined similarly.)
Remark 4.7. The unitary index depends on the choice of a section of S1[(Λn-1
C
(ξ)⊗2]
and therefore weak index-positivity also depends on this choice. However, for any
two homotopic sections s and s′, Remark 4.2 gives us |µ(x; s) − µ(x; s′)| ≤ c for
some constant c that depends only on the sections. Suppose (M,α) is weakly index-
positive with respect to some s. When π1(M) = 0, all sections are homotopic, and
here (M,α) is weakly index-positive for any s. If π1(M) 6= 0, we just need to specify
the homotopy class of s.
Weak index-positivity is also stable under small perturbations.
Lemma 4.8. If (M, ξ ∈ ker(α)) is weakly index-positive with respect to s, then for
a C∞-small perturbation α′ of α, the manifold (M,α′) is also weakly index-positve
with respect to s.
Proof. Let κ1 > 0, κ2 be constants such that µ(x; s) > κ1A(x) + κ2, for any Rα-
trajectory x. Fix T > 0 and let γ, γ′ be trajectories of Rα, Rα′ , respectively, such
that γ(0) = γ′(0) and A(γ) = A(γ′) < T . Denote by Ψ,Ψ′ the linearized Reeb
flows of Rα, Rα′ along γ, γ
′, respectively. Let γ˜(t) := γ(T − t) be the inverse path
of γ. Then the inverse path of Ψ is Ψ˜(t) := Ψ(T − t)Ψ(t)−1 over γ˜. Consider the
path composition of γ˜ and γ′:
Γ(t) :=
{
γ˜(t), 0 ≤ t ≤ T,
γ′(t− T ), T ≤ t ≤ 2T.
We obtain a symplectic path ΨΓ over Γ by taking the catenation:
ΨΓ(t) := (Ψ˜ ∗Ψ
′)(t) =
{
Ψ˜(t), 0 ≤ t ≤ T,
Ψ′(t− T )Ψ(T )−1, T ≤ t ≤ 2T.
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Also, consider the following symplectic maps. For each 0 < s < T , restrict Γ to
t ∈ [s, 2T − s], and set
Ψs := Ψ
′(s)Ψ(s)−1 : ξγ(s) → ξγ′(s).
Note that ΨT = ΨΓ(2T ), and so µ(Γ; s) = ∆DGW(ΨT ).
Let AΨ(t) and AΨs be symplectic matrices representing ΨΓ(t) and Ψs, respec-
tively, expressed in bases chosen by s. If the perturbation is small enough, we
have |µ(Γ; s)| ≤ 2n. To see this, consider the polar decompostion AΨs = PΨsUΨs .
Let Ip be the identity at p ∈ M with respect to sp. When s = 0, the unitary
part is UΨ0 = Iγ′(0) = Iγ(0), and for each s ∈ [0, T ], the matrix PΨs is symmetric,
positive-definite. For small perturbations, we have
||Iγ′(s) −AΨs || < 1 for each s ∈ [0, T ].
The n complex eigenvalues of UΨs must then stay between e
−iπ and eiπ for s ∈
[0, T ], and so −2n < µ(Γ; s) < 2n.
By the µ-catenation lemma and the fact that µ(γ˜; s) = −µ(γ; s), we get
|µ(γ; s)− µ(γ′; s)| ≤ 2n+ k,
for a constant k depending on n. Then
µ(γ′; s) ≥ µ(γ; s)− 2n− k ≥ κ1A(γ) + κ2−2n− k.
Next, suppose γ′ is a trajectory of Rα′ with action greater than T . We can break
γ′ into p pieces, γ′1, . . . , γ
′
p, such that each A(γ
′
i) < T and p− 1 < A(γ)/T. Again
by the µ-catenation lemma,
µ(γ′; s) ≥
p∑
i=1
µ(γ′i)− k(p− 1)
≥
p∑
i=1
(κ1A(γ
′
i) + κ2−2n− k)− k(p− 1)
≥ κ1A(γ
′)− |κ2 |p− 2np− 2pk − k
≥ κ1A(γ
′)− (|κ2 |+ 2n+ 2k)
(A(γ′)
T
+ 1
)
+ k
≥
(
κ1−
|κ2 |+ 2n+ 2k
T
)
A(γ′)− |κ2 | − 2n− k.
All constants in the last line are independent of α′ so we can choose any T >
(|κ2 |+ 2n+ 2k)/ κ1. We can take T = 2(|κ2 | + 2n+ 2k)/ κ1 and set κ1′ = κ1 /2
and κ2
′ = −|κ2 | − 2n− k.

Remark 4.9. For a small perturbation, there is a one-to-one correspondence between
non-degenerate Reeb orbits of the contact form and of the perturbed contact form
up to some period. The corresponding orbits have the same Conley-Zehnder indices.
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4.2.2. Index-positivity. In the setting of [U1], Ustilosky assumes that π1(M) = 0,
the bundle (ξ, d α) is stably trivial, and all closed Reeb orbits are nondegenerate.
For a stable trivialization Φ: ξ⊕ ǫ2 → ǫ2n, there is a way to define the (generalized)
Conley-Zehnder index µCZ(γ; Φ) of any Reeb trajectory γ, not necessarily closed
nor non-degenerate. If γ is closed, then µCZ(γ; Φ) is equal to the usual Conley-
Zehnder index and is independent of Φ. For all other trajectories, this index does
generally depend on the stable trivialization. However, given any other stable
trivialization Φ′, it is shown that |µCZ(γ; Φ) − µCZ(γ; Φ′)| is bounded by some
constant independent of γ. With this in mind, the following condition on contact
forms is independent of Φ.
Definition 4.10. The manifold (M,α) is called index-positive if there exists con-
stants κ1 > 0, κ2 such that
µCZ(γ; Φ) ≥ κ1A(γ) + κ2,
for any Reeb trajectory γ. (Index-negativity can be similarly defined.)
Remark 4.11. An index-positive contact manifold (M,α) is also weakly index-
positive: Let sΦ be the section of S
1[(Λn-1
C
ξ)⊗2] obtained by Φ. Given by (I5)
from Section 4.1.2, |µ(γ; sΦ) − µCZ(γ; Φ)| ≤ C′, for some constant C′ independent
of γ.
5. Handle attaching
5.1. Contact surgery. Theorem 1.2 concerns the effect of a subcritical surgery on
a contact manifold and the mean Euler characteristic. Very roughly speaking, we
glue to (M2n−1, ξ) a component Dk × S2n−k−1 of the contact boundary of a sym-
plectic k-handle Dk×D2n−k modelled in R2n. Similar to surgery, this hypersurface
is determined by a Morse function of index k; see for instance [Ge, W]. Subcritical
here means that k < n− 1. The specific model used in this paper is constructed in
[Y], where the handle is presented with a focus on the dynamics of the Reeb orbits.
We give only a rough description of this model here, some contact boundary prop-
erties of these handles are included in the next section, and the reader is referred
to [Y] for complete details.
Consider the standard symplectic space (R2n, ω0), and for 0 ≤ k ≤ n, take
the decomposition R2n = Rk×Rk×R2n−2k. Write (x, y, z) for the coordinates
x = (x1, . . . , xk), y = (y1, . . . , yk), and z = (zk+1, . . . , zn), where zl = xl + iyl, for
l = k + 1, . . . , n. Fix k and set
f(x, y, z) = |x|2 −
1
2
|y|2 +
1
4
|z|2.
Note that at the origin 0 ∈ R2n is the only critical point of f and its Morse index
is k. The gradient vector field of f with respect to the Euclidean metric, Y := ∇f ,
defines a Liouville vector field on (R2n, ω0). Set α := ιY ω0; this 1-form restricts to
a contact form on any hypersurface of (R2n, ω0) transverse to Y .
Now consider a similar Morse function
h(x, y, z) = b|x|2 − b′|y|2 +
n∑
l=k+1
|zl|2
cl
, for positive constants b > b′, cl. (5.1)
A symplectic handle H˜ is the locus of points (x, y, z) ∈ Rk ×Rk ×R2n−2k satisfying
c− ≤ h(x, y, z) ≤ c+, for some constants c− < 0 and c+ > 0.
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Topologically, this is Dk × D2n−k and (Sk−1 × D2n−k) ∪ (Dk × S2n−k−1) is its
boundary.
The symplectic handle is chosen such that its boundary is transverse to Y , and so
α defines a contact form on ∂H˜. The lower boundary {h = c−}, which corresponds
to Sk−1 × D2n−k, contains the isotropic (k − 1)-sphere Sk−1− := S
k−1 × {0}.
When performing contact surgery, Sk−1− serves as the attaching sphere. The upper
boundary H := {h = c+}, which corresponds to Dk × S2n−k−1, will be the contact
boundary component we glue to a contact manifold during surgery. Denote by
αH, the restriction of α to H. All closed Reeb orbits of (H, αH) are contained in
the contact ellipsoid S2n−2k∗ := {0} × {0} × S
2n−2k, which is also contained in the
coisotropic ellipsoid S2n−k−1+ := {0} × S
2n−k−1, called the belt of the symplectic
handle.
We have freedom in the choice of shape of our contact handles which is deter-
mined by the coefficients b, b′ and cl, of the handle’s defining function h. This is due
to the fact that the Liouville flow produces a contactomorphism from the upper and
lower boundaries of H˜, to the upper and lower boundaries of any symplectic handle
of some other shape (with boundary transversal to Y ). This flow also preserves the
submanifolds Sk−1− , S
2n−k−1
+ , and S
2n−2k
∗ .
Now suppose we want to perform a contact surgery of index k to a contact
manifold (M, ξ = ker(α)). First, recall just the topological aspect of surgery; the
procedure is performed along an (embedded) (k − 1)-sphere Sk−1M of M whose
normal bundle is trivial. This means that a tubular neighborhood of the sphere
N (Sk−1M )
∼= Sk−1 ×D2n−k is cut out of M and H is glued in. Let M ′ denote the
resulting manifold. Next, to guarantee that a surgery induces a contact structure
on M ′, we use the Liouville flows of the symplectic handle and the symplectization
of (M,αM ); this is where the isotropic requirement of the attaching spheres steps
in. Suppose M has an (embedded) isotropic (k − 1)-sphere Sk−1M . For an isotropic
sphere S of either M or H, the normal bundle of S breaks down into a direct
sum 〈−R〉 ⊕ J(TS) ⊕ CSN(S), where R denotes either Rα or RαH , and CSN(S)
stands for the conformal symplectic normal bundle of S. This bundle is CSN(S) :=
(TSk−1)ω/TSk−1, where (TSk−1)ω is the ω-complement of TS, for ω = dα or dαH.
Now since 〈−R〉⊕J(TS) has a natural framing, we are left to consider CSN(Sk−1M )
and CSN(Sk−1− ). An arbitrary framing can be chosen for CSN(S
k−1
− ). When
CSN(Sk−1M ) is trivial, a framing of CSN(S
k
M ) allows us to make the identification
of neighborhoods of the isotropic spheres (via the Liouville flow Y ). The Liouville
vector field is transverse to M ′ and thus this new manifold indeed carries a contact
structure as a result of this surgery.
5.2. The contact boundary of a subcritical symplectic handle. We are in-
terested in the effect of a subcritical surgery on a contact manifold. This means
that the index of the surgery k is strictly less than n, where 2n−1 is the dimension
of the contact manifold. Recall that a component of the contact boundary of a
symplectic k-handle will be glued to (M, ξ) to obtain a new contact manifold; see
Section 5.1. We remind the reader that the specific handle model used here is con-
structed in [Y]. Let (H, ξH = ker(αH)) denote this contact boundary component
and denote its Reeb field by RH.
Theorem 5.1 (Theorem 3.1 of [Y]). Suppose H is subcritical, i.e., k < n.
(i) There are n− k simple Reeb orbits of αH, all of which are good.
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(ii) Given m > 0, a deformation of H can be made such that for ∗ < m,
rk(C∗(H, αH)) =
{
1, if ∗ = 2n− k − 4 + 2i, for some i ∈ N,
0, otherwise.
Remark 5.2. In Theorem 5.1, the shape of H can be chosen for each m > 0, such
that the contact chain groups C∗(H, αH), for ∗ < m, are essentially generated by
just one of the simple periodic Reeb orbits and its positive iterations. For each
m, this Reeb orbit is called the principal (Reeb) orbit of the contact handle and
denoted here by x(m). The degree of x(m)i is 2n− k − 4 + 2i.
The Conley-Zehnder index of a closed Reeb orbit is taken with respect to the
standard trivialization ΦH of the stabilized contact bundle CRH ⊕ ξH. Using
ΦH, the (generalized) Conley-Zehnder index is defined for any Reeb trajectory not
necessarily closed. The next lemma shows that not only is H index-positive, but
the positive constant can also be chosen by thinning H. This means that a tubular
neighborhood of the belt sphere is thinned by choosing smaller coefficients cl of the
handle’s defining function h; see Definition (5.1) of h.
Lemma 5.3 (Lemma 3.3 of [Y]). Given any positive number N , we can thin H
enough such that
µCZ(γ; ΦH) > N · T − 2n,
for any Reeb trajectory of αH with action T .
Note that it is crucial that the handle is subcritical for this lemma to hold.
Remark 5.4. We have a version of Lemma 5.3 for the unitary index: Let sH be a
section of S1[(Λn-1
C
ξH)
⊗2] obtained from ΦH. Then given any N > 0, we can thin
H enough such that
µ(γ; sH) > N · T − a, (5.2)
for any RH-trajectory with action T .
This follows from Remark 4.11. Note that since π1(H) = 0, the handle is weakly
index-positive with respect to any section of S1[(Λn-1
C
ξH)
⊗2].
5.3. Weak index-positivity and subcritical contact surgery.
Definition 5.5. Suppose (M ′, ξ′) is a contact manifold obtained by glueing a
contact manifold H ∼= Dk × S2n−k−1 to (M, ξ). If c1(ξ′) = 0 and if the section s of
S1[(Λn-1
C
ξ)⊗2] extends over H, then we say that the surgery is compatible with s.
Recall from Remark 1.5, a given section s is almost always compatible with a
given surgery.
Theorem 5.6. Let (M, ξ) be a weakly index-positive with respect to a section sM
of S1[(Λn-1
C
ξ)⊗2]. Suppose (M ′, ξ′) is a contact manifold obtained from M by a
subcritical k-surgery compatible with sM . Then for every integer r, there exists a
non-degenerate contact form α′r such that the following hold:
(1) (M ′, α′r) is weakly index-positive with respect to some extension s
′ of sM ;
(2) if cj and c
′
j denote the number of degree j generators of (M,α) and (M
′, α′r),
then for j ≤ r,
c′j = cj + bj ,
where
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bj =
{
1, if j = 2n− k − 4 + 2m, for m ∈ N,
0, otherwise.
Proof. We first prove that weak index-positivity is preserved under compatible
surgery. Let α be a weakly index-positive contact form for ξ, with respect to a
section sM . By definition, there exists constants κ1 > 0 and κ2 such that µ(γM ) ≥
κ1 ·T + κ2, for any Reeb trajectory γM with action T .
Let γ be a new Reeb trajectory created when H of index k < n is glued to M .
Suppose p segments of γ lie in M . Then the number of segments of γ in H is
between p−1 and p+1, and without loss of generality, assume this number is p+1.
Denote the pieces inM and H by {γi}, i = 1, . . . , p, and {γj}, j = p+1, . . . , 2p+1,
respectively.
Let Sk−1M denote the isotropic attaching sphere in M . Since the submanifold
Sk−1M has codimension strictly greater than (dimM − 1)/2, we have the following:
Given any K > 0, we can choose a neighborhood UM of S
k−1
M such that any Reeb
trajectory passing through UM has action greater than K; for instance, see[Y].
Then for any K > 0, we thin H to fit into UM and we get
A(γ) =
p∑
i=1
A(γi) +
2p+1∑
j=p+1
A(γj) ≥ Kp, and so p ≤
A(γ)
K
.
Suppose s′ is an extension of sM to H, that is, s
′ |M = sM and s
′ |H is a section
of S1[(Λn-1
C
H)⊗2]. Recall that sH and s′ |H are homotopic since π1(H) = 0. To
estimate µ(γ), we consider the sum of the local indices of all its pieces
∑
µ(γi; sM )+∑
µ(γj ; sH). We must take into account the two types of discrepencies between local
indices and the actual index of a new Reeb trajectory. One type of discrepency arises
from glueing at each of the 2p points of attachment. By the µ−catenation lemma,
these error terms are bounded by some constant b independent of the trajectories.
The second type of discrepency occurs if s′|H 6= sH. However, Remark 4.2 gives
us |µ(γj ; s
′ |H)− µ(γj ; sH)| ≤ c, for some constant c independent of the trajectory.
Let N and a be the weak index-positivity contants of the handle from (5.2), and
choose N > κ1. Then
µ(γ; s′) ≥
p∑
i=1
(
κ1A(γi) + κ2
)
+
2p+1∑
j=p+1
(
N A(γj)− a
)
− b(2p)− c(p+ 1)
≥ κ1
( p∑
i=1
A(γi) +
2p+1∑
j=p+1
A(γj)
)
+ κ2 p− a(p+ 1)− 2bp− c(p+ 1)
≥ κ1A(γ)− (|κ2 |+ a+ 2b+ c)p− a− c
≥ κ1A(γ)− (|κ2 |+ a+ 2b+ c)
(
A(γ)
K
)
− a− c
=
(
κ1−
|κ2 |a+ 2b+ c
K
)
A(γ)− a− c.
Take K > (|κ2 |a + 2b + c)/ κ1. Set κ1′ = κ1−(|κ2 |a + 2b + c)/K and κ2′ =
−a − c. Both κ1′ and κ2′ are independent of the trajectory therefore the new
contact manifold (M ′, α′) is weakly index-positive with respect to s′. Since weak
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index-positivity is stable under small perturbations (Lemma 4.8), we may assume
α′ is non-degenerate.
To prove (2), for a fixed r ∈ N, we find a contact form α′r for ξ
′ such that
a closed Reeb trajectory created from the handle attachment has degree greater
than r. Given m > 0, a contact form αH for H can be chosen such that C∗(H)
for ∗ ≤ m, is generated by the principal Reeb orbit x(m) along with its iterates.
Let C be the constant from (I5) such that |µCZ(x) − µ(x; s′)| ≤ C, for a closed
Reeb orbit x ∈ M ′. If we take m = r − C, we can show that any periodic Reeb
orbit that does not lie entirely in M or H has unitary index greater than r − C
and hence Conley-Zehnder index greater than r. Let γ be such a trajectory and
suppose it is made of p pieces of non-periodic trajectories in M and p pieces inside
H. Denote the segments in M and H by γ1, . . . , γp and γp+1, . . . , γ2p, respectively.
Let a, b, c,N, κ1 and κ2 be the constants from the proof of part (1). We get
µ(γ; s′) ≥
p∑
i=1
(
κ1A(γi) + κ2
)
+
2p∑
j=p+1
(
N A(γj)− a
)
− b(2p)− c(p)
≥ κ1 ·
p∑
i=1
A(γi) +N ·
2p∑
j=p+1
A(γj) + κ2p− a2p− 2bp− cp.
Recall for K > 0, we can thin H to ensure that A(γi) > K. Then we have
µ(γ; s′) ≥ κ1Kp+N ·
2p∑
j=p+1
A(γj)− (|κ2 |+ 2a+ 2b+ c)p
≥
(
κ1K − (|κ2 |+ 2a+ 2b+ c)
)
p
≥
(
κ1K − (|κ2 |+ 2a+ 2b+ c)
)
.
We can choose K that satisfies
K >
r − C + |κ2|+ 2a+ 2b+ c
κ1
,
further adjusting H if necessary. Denote this particularly shaped H by Hr. Then
by attaching (Hr, αHr ), to (M,αr), we get µ(γ; s
′) > r − C for any new periodic
trajectory γ of M ′. To finish the proof, note that the principal Reeb orbit of Hr
and its iterations x(r)m have degree 2n− k − 4 + 2m.

For each r > 0, let (Hr, αHr ) be the deformation of H as in the proof of Theorem
1.2. The mean index of the principal Reeb orbit of Hr is ∆(x(r)) = 2, for each
r, therefore ∆x = limr→+∞∆(x(r)) = 2. Also, the sign σ(x(r)) = (−1)|x(r)| is
independent of r. Thus we get the following.
Corollary 5.7. Let (M ′, ξ′) be a contact manifold obtained by a k-surgery on (M, ξ)
as in Theorem 5.6 and assume the dimension of M is greater than 3. Whenever
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χ(M, ξ) is defined, we have
χ(M ′, ξ′) = χ(M, ξ) + (−1)k
1
2
.
Remark 5.8. We remind the reader that Corollaries 1.3 and 5.7 hold in the dimen-
sion 3 when the MEC is defined via linearized contact homology. See Section 6.2.
For more about the issue in the cylindrical version, see Section 5.5.
5.4. Proof of Theorem 1.2. We prove that asymptotic finiteness and weak index-
positivity together are preserved under subcritical contact surgery.
Let (M, ξ) = {((M,αr))} be an asymptotically finite contact manifold that sat-
isfies the assumptions of Theorem 1.2. For each r, the contact form αr has prin-
cipal Reeb orbits {γ1(r), · · · , γl(r)} which, along with their iterations, generate
C∗(M,αr) up to degree dr. Given any integer d
′
r, it is shown in the proof of Theo-
rem 5.6 that there exists a weakly index-positive contact form α′r for ξ
′ such that
for any closed Reeb orbit γ with |γ| ≤ d′r, the orbit is an iteration of either the
principal Reeb orbit x(r) of H or γi(r), for some 1 ≤ i ≤ l. Take d′r = dr, then
{(M ′, ξ′) = {(M ′, α′r)} is a sequence that does the job.
Remark 5.9. Corollary 1.3 immediately follows from Theorem 1.1 and Corollary 5.7.
5.5. Cylindrical MEC and contact surgery in dimension 3. We now elab-
orate a little bit more on the exclusion of dimension 3 for the cylindrical version
of Corollaries 1.3 and 5.7. Cylindrical contact homology theory generally requires
that there are no contractible periodic Reeb orbits of index −1, 0, and 1. However,
taking the connect sum of two contact 3-manifolds introduces one (simple) con-
tractible Reeb orbit which is of degree 1. This is precisely the principle Reeb orbit
of the connecting tube H and it lies on the coisotropic 2-sphere, see Section 5.1.
The principle orbit is the generator of C∗(H, αH) whose degree has been calculated
in [Y] to derive Theorem 5.1. So we may verify here using Theorem 5.1 that this
Reeb orbit indeed has index 1 simply by setting k = 1, n = 2, and i = 1.
Even though the new manifold has a contractible Reeb orbit of degree 1, this fact
does not necessarily prevent its cylindrical contact homology from being defined.
(See for instance [AM] where it is shown that certain contact forms which admit such
orbits can still be considered.) Currently, we are working to prove that Corollaries
1.3 and 5.7 also hold in dimension 3.
5.6. Contact chain groups and subcritical contact surgery. Since the con-
ditions of Theorem 5.6 do not require the chain complex Cj(M,α) to be generated
by a finite number of Reeb orbits, the proof of Theorem 1.2 holds for a more general
class of contact manifolds. Suppose there is a sequence of non-degenerate contact
forms {αr} for ξ such that the contact chain complex of each αr is essentially gen-
erated by a set of simple Reeb orbits {γ1(r), . . . , γm(r), . . .} together with their
iterations as r →∞.
More precisely, suppose this sequence {αr} satisfies the following conditions.
(1) For each αr, there is a set of simple Reeb orbits {γ1(r), . . . , γm(r)}, where
the number of orbits m increases as r increases.
(2) There is an increasing sequence of integers {dr} such that if γ ∈ Pdr(αr),
then γ is an iteration of some γi(r), i.e., γ = γi(r)
k .
(3) The mean indices of each sequence converge: ∆(γi(r))→ ∆i.
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(4) The sign σ(γi(r)) is independent of r.
Definition 5.10. The orbits {γ1(r), . . . , γm(r)} are called the principal orbits of
αr, the limits ∆i are called asymptotic mean indices, and we set σ(γi(r)) = σi,
c.f. Definition 3.1.
Theorem 5.11. Let (M, ξ) = {(M,αr)} be a closed contact manifold that satisfies
the conditions (1)-(4) and suppose there is a section sM of S
1[(Λn-1
C
ξ)⊗2] such
that each ar is weakly index-positive with respect to a section sM . Let (M
′, ξ′) be
a contact manifold obtained from M by a subcritical surgery compatible with sM .
Then (M ′, ξ′) admits a sequence of contact forms {ar} that satisfies (1)-(4) and
each ar is weakly index-positive with respect to an extension s
′.
6. Other variants of the MEC formula
In this section, we describe an extension of our results to closed Reeb orbits
of any homotopy type. We also discuss how our results translate to linearized
contact homology. Throughout this section, all closed Reeb orbits are assumed to
be non-degenerate.
6.1. Homologically non-trivial Reeb orbits.
Remark 6.1. Suppose we want to consider the contact chain groups generated by
homologically non-trivial Reeb orbits. If γ is a such a Reeb orbit, then µCZ(γ)
depends on the trivialization of ξ along γ and one must keep track of such choices.
We first mention the convenience of using a fixed section s of S1[(Λn-1
C
ξ)⊗2] to
consistently assign such trivializations along closed paths in M of any homotopy
class. Suppose γ is T -periodic. A unitary frame F = {e1, · · · , en−1} of ξ|γ can be
chosen such that its associated section sF = (Λ
n−1
j=1 ej)
⊗2 is homotopic to s |γ . The
Conley-Zehnder index of γ can be defined with respect to the homotopy class [s]. By
this, we mean we can choose any frame F such that [sF ] = [sγ ]. Since the Conley-
Zehnder index of γ depends only on the homotopy class of the frame, we need to
show that all such frames are homotopic. First, fix a frame F such that sF = s |γ .
Note that all such frames are homotopic. Next, let s′ be a section homotopic to
s and let F ′ be a unitary frame with sF ′ = s
′ |γ . We can write s′(x) = eif(x) s(x)
for some continuous function f : M → R. Since f(γ(t)) = f(γ(t+ T )) for all t, the
frames F ′γ and Fγ are homotopic.
Note that using s to choose trivializations along closed Reeb orbits eliminates
the ambiguity in the definition of contact homology. Usually, one takes a set of
representatives for a basis of H1(M ;Z) and chooses a trivialization of ξ along each
representative . Then this set of trivializations is extended to ξ along closed Reeb
orbits; see [Bo1]. We can use s to consistently choose trivializations of ξ for each
class in H1(M ;Z). This choice of framings coincides with directly assigning a frame
to ξ along a closed Reeb orbit with s.
Remark 6.2. Note that any frame along γ chosen by s is closed under iteration.
From this, we see that the mean Euler characteristic formulas hold when including
closed Reeb of any homotopy type. In this case, we just specify the choice of s and
take the mean indices of the orbits with respect to s.
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6.2. Linearized contact homology. The mean Euler characteristic can be set
via linearized contact homology. Details of cylindrical, full, and linearized versions
are included in a survey of contact homology in [Bo3].
Let A∗(M,α) denote the differential graded algebra generated by the good Rα-
Reeb orbits, and denote by ∂ :=
∑
∂j, the corresponding (full) differential. The full
contact homology HC∗(M, ξ) is the homology of (A∗(M,α), ∂) and is an invariant
of the contact structure ξ. A linearized contact homology HCǫ∗(M,α) exists when
A∗(M,α) admits an augmentation ǫ; this is an algebra homomorphism that satisfies
ǫ(1) = 1 and ǫ ◦∂ = 0. The linearized differential ∂ǫ is defined with respect to ǫ
and the contact chain groups C∗(M,α) are the same as in the cylindrical version,
i.e., these groups are generated by the good Reeb orbits and graded by | · | =
µCZ(·)+n−3. Unlike cylindrical contact homology, the linearized version is defined
with no assumptions on contractible Reeb orbits of degree −1, 0 and 1. One should
note however, HCǫ∗(M,α) is generally not a contact invariant of (M, ξ) as it depends
on the augmentation.
Linearized and cylindrical contact homology are related in the following case:
Suppose C01(M,α) = 0, i.e., there are no contractible closed Reeb orbits of degree 1.
ThenA∗(M,α) admits a trivial augmentation ǫ0; this is the algebra homomorphism
defined by ǫ0(1) = 1 and ǫ0(γ) = 0. In addition, if C
0
∗ = 0, for ∗ = −1, 0, then
HCǫ∗(M,α) coincides with HC
cyl
∗ (M, ξ).
A class of examples that come with a more geometrical form of this extra struc-
ture are symplectically fillable contact manifolds; see [Bo3, BO1]. Suppose (W,ω)
is a symplectic filling of (M,α). Then A∗(M,α) admits a natural augmentation
denoted here by ǫW . This linearized contact homology HCW∗ (M,α) depends only
on the filling (W,ω) of (M, ξ), and so it is often denoted by HC∗(W,ω).
Remark 6.3. The definition of an asymptotically finite manifold can be naturally
modified to suit symplectically fillable contact structures. Also, a filling and its
augmentation can be carried across a surgery. Since the proofs of Theorems 1.1
and 1.2 do not explicitly make use of the differential, both MEC formulas (1.3)
and (1.4) again hold. We also note that in this case, the MEC is indeed a contact
invariant of (M, ξ).
Moreover, the expression of the change of the MEC under connect sums also holds
in dimension 3 for linearized contact homology. The addition of the contractible
Reeb orbit of degree 1, the principle Reeb orbit of the connecting tube between two
contact 3-manifolds, does not pose a problem for this version of the mean Euler
characteristic.
7. Contact manifolds of Morse-Bott type
The goal of this section is to prove Theorem 1.7 and obtain a formula for the
mean Euler characteristic in the Morse-Bott case. We set some notation and include
preliminaries of the Morse-Bott approach to contact homology. We set notation and
terminology for Reeb orbifolds and we also define the mean index of a Reeb orbifold
and discuss the orbifold invariant e.
7.1. Morse-Bott contact forms and Reeb orbifolds. Recall that contact ho-
mology requires a non-degenerate contact form α. To consider natural and symmet-
ric forms, we use the Morse-Bott approach developed in [Bo2] to work with these
degenerate cases. This approach to contact homology is a Morse-Bott theory for
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the action functional A(γ) =
∫
γ
α on the loop space of M , in other words, we can
consider contact forms such that the critical points of A form smooth submanifolds.
Definition 7.1. A contact form α for (M, ξ) is said to be of Morse-Bott type
if the action spectrum σ(α) of α is discrete and if, for every T ∈ σ(α), NT =
{p ∈M | ϕT (p) = p} is a closed, smooth submanifold of M , such that rank dα |NT
is locally constant and TpNT = ker(ϕT − I)p.
Denote the quotient of NT under the circle action induced by the Reeb flow by
ST ; this is an orbifold with singularity groups Zk and the singularities correspond
to Reeb orbits of period T/k, covered k times. We call these orbit spaces Reeb
orbifolds.
We set some orbifold terminology used in this paper. For simplicity, assume that
each ST is connected.
• Let kST denote the k-fold cover of ST . (We use this notation to
distinguish the cover from the orbit space of kT -periodic Reeb orbits SkT .)
• An orbifold ST is called simple if there is a point x ∈ ST with minimal
period T .
• If every orbit of ST has minimal period T , then ST is called a minimal
orbifold.
• Suppose ST is a simple orbifold. If kST ⊆ SkT implies kST = SkT , we call
ST a maximal orbifold. Equivalently, no multiple cover kST is contained
in some larger simple orbit space.
In this section, we use the notation below to distinguish between the following
indices for closed Reeb orbits γ:
• µCZ(γ) = the Conley-Zehnder index if γ is non-degenerate,
• µRS(γ) = the generalized Conley-Zehnder index if γ is degenerate.
Given any two Reeb orbits γ1 and γ2 of the same orbit space ST , we have
µRS(γ1) = µRS(γ2). Therefore, the index of the orbifold defined as µRS(ST ) :=
µRS(γ), for any γ ∈ ST . This number is a half-integer, but µRS(ST )−
1
2 dim(ST ) is
always an integer. The degree of a Reeb orbit γ ∈ ST is set as
|γ|RS := µRS(ST )−
1
2
dimST + n− 3.
This last orbit index depends only on ST , thus we set |ST | := |γ|RS, for any γ ∈ ST ,
and we also attach a sign to each Reeb orbifold by
σ(ST ) := (−1)
|ST |.
Definition 7.2. A closed Reeb orbit γ is said to be bad if it is a 2m-cover of a
simple Reeb orbit γ′ ∈ ST and if (µRS(S2T )±
1
2 dimS2T )− (µRS(ST )±
1
2 dimST ) is
odd. If a Reeb orbit γ is not bad, we say it is good.
We also say that a Reeb orbifold is bad if it contains a bad Reeb orbit. A Reeb
orbifold is otherwise called good. These definitions above are extended from the
definitions of good and bad Reeb orbits in Section 2.
7.2. The Morse-Bott chain complex. Using a Morse function, a Morse-Bott
type contact form can be perturbed in such a way that all Reeb orbits are non-
degenerate and correspond to the functions critical points. The critical points are
the orbits that generate the Morse-Bott chain complex.
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This Morse function is constructed inductively in [Bo2] as follows. For the small-
est T ∈ σ(α), the orbifold ST is a manifold. Let fT be any Morse function on ST .
For larger T ∈ σ(α), the orbifold ST has singularities STi with Ti|T . Extend the
previously defined Morse function fTi on STi to a function fT on ST such that the
Hessian of fT restricted to the normal bundle of STi is positive definite. These
Morse functions are then lifted to NT and extended to a function f¯T on M such
that they have support only on a tubular neighborhood of NT .
Consider the perturbed contact form αλ = (1+λf¯T )α, for T ∈ σ(α) and a small
postive constant λ.
Lemma 7.3. [Bo1]. For all T0, we can choose λ > 0 small enough such that the
periodic orbits of Rαλ in M of action T ≤ T0 are non-degenerate and correspond
to the critical points of fT .
Let x ∈ ST be a critical point of fT , denote by γx its corresponding non-
degenerate Rαλ-Reeb orbit, and let (γx)
k be its kth iteration for (k = 1, 2, . . .).
For small λ, the Conley-Zehnder index of (γx)
k can be computed by
µCZ((γx)
k) = µRS(SkT )−
1
2
dimSkT + indx(fkT ), (7.1)
where indx(fkT ) denotes the Morse index. Note that since kST ⊂ SkT , the index
indx(fT ) is constant under iterations of x. The degree of a critical point of fT is
set as
|x| := µCZ(γx) + n− 3.
The Morse-Bott chain complex CMB∗ (M,α) is generated by critical points x ∈ ST
of the Morse functions fT and graded by |x|. For the definition of the Morse-Bott
differential ∂MB; see [Bo1].
For Reeb orbifolds, we can also introduce the notion of the mean index. Note
by (7.1) and (I1), we have
∆(x) = lim
k→∞
µRS(SkT )
k
, (7.2)
for any x ∈ ST . The right hand side of (7.2) is independent of the orbit x ∈ ST ,
and so we define the mean index of a Reeb orbifold ST as
∆(ST ) := lim
k→∞
µRS(SkT )
k
. (7.3)
Let us now turn to the relation between the homology H∗(C
MB
∗ (M,α), ∂
MB)
and cylindrical contact homology. To compute the mean Euler characteristic set
via cylindrical homology, we restrict our attention to Morse-Bott type contact forms
that satisfy the conditions of following theorem.
Theorem 7.4. [Bo1] Let (M,α) be a contact manifold of Morse-Bott type for a
contact structure ξ on M satisfying c1(ξ) = 0. Suppose that, for T ∈ σ(α), NT and
ST are orientable, π1(ST ) has no disorienting loops, and all Reeb orbits are good.
Assume that the almost complex structure J is invariant under the Reeb flow on
all submanifolds NT . Assume that the cylindrical homology is well-defined: C
0
∗ = 0
for ∗ = −1, 0, 1. Assume that there exist c > 0, c′ such that |µRS(ST )| > cT + c′
for all orbit spaces ST of contractible periodic orbits, and that there exists Γ0 <∞
such that, for every Reeb trajectory leaving a small tubular neighborhood UT of NT
at p, we have ϕt(p) ∈ UT for some 0 < t < Γ0. Then the homology H∗(C
a¯
∗, ∂
MB)
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of the Morse-Bott chain complex is isomorphic to the cylindrical contact homology
HCcyl∗ (M,α).
Remark 7.5. The existence assumptions of such c > 0, c′ and Γ0 in Theorem 7.4
are known as index-positivity/negativity and bounded return time conditions. These
two assumptions guarantee that no extra orbits of the perturbed contact form αλ
contribute to the homology and that ∂MB correponds to ∂cyl.
We note however, that ∂MB does not enter the proof of Theorem 1.7, and so
the Morse-Bott MEC formula holds whenever the homology H∗(C
a¯
∗ , ∂
MB) is indeed
defined. For example, if the index-positivity/negativity condition is dropped, we
still have a homology of the Morse-Bott chain complex, although it may no longer
be isomorphic to HCcyl∗ (M,α), cf. Remark 1.9. For this reason, we include the
possibility that there are Reeb orbifolds with zero mean index in the proof of The-
orem 1.7, even though it is not necessary due to the index-positivity/negativity
assumption.
Remark 7.6. To apply Theorem 7.4, a contact manifold of Morse-Bott type can
only have good Reeb orbits. This assumption cannot be dropped as it is required
for the homology to be defined. These manifolds have no bad Reeb orbifolds, and
therefore, the Morse-Bott version of the MEC formula has a slightly more simple
form than the other versions.
Remark 7.7. The class of Morse-Bott type contact manifolds does not behave under
handle attaching. Breaking a closed Reeb orbit during surgery cannot be avoided
for some contact manifolds; some examples are the standard contact sphere and
the Ustilosky spheres; see Section 8. However, a contact manifold in this class
with finitely many simple Reeb orbifolds is asymptotically finite. Therefore, we
can combine the Morse-Bott MEC formula (1.5) with Corollary 1.3 to compute the
mean Euler characteristic of a manifold obtained by a subcritical contact surgery,
whenever the conditions of Theorems 1.7 and 5.6 are met.
Remark 7.8. In [vK2, Question 4.10], there is an observation that for a Brieskorn
manifold Xa = Σ(a0, . . . , an)/S
1, see also Section 8, contact homology can be
related to Chen-Ruan’s orbifold cohomology. It is suggested there that this might
give some insight on how to compute contact homology for more general S1-bundles
over symplectic orbifolds.
7.3. Morse theory on the orbit spaces. This section follows closely to [Bo1,
Section 2.3].
For an orbifold ST , the strata are the connected components of the sets with
the same isotropy. Let {ST ′} be the strata of simple orbifolds of ST (i.e. T ′|T and
ST ′ ⊆ ST ), and let fT be the Morse functions on the orbit spaces ST defined in the
previous section.
Definition 7.9. A Morse function fT on the orbit space is called admissible if, for
every critical point γ of fT with minimal period T/k, the unstable manifold of γ is
contained in ST/k.
The Morse functions fT are admissible by construction and so Morse theory can
be extended to orbifolds as seen by this next proposition.
Proposition 7.10 ([Bo1]). If the Morse function fT is admissible on the orbit space
ST , then the Morse complex of fT is well-defined and its homology is isomorphic
to the singular homology of ST .
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7.4. The orbifold invariant e. Let G be an arbitrary compact Lie group and M
be a smooth G-manifold. It is shown in [Il] thatM can be given an equivariant CW
structure. Suppose M is also compact and that G acts smoothly, effectively, and
almost freely. ThenM is triangularizable as a finite G CW-complex and X =M/G
is a compact quotient orbifold with finitely many cells.
Set e(X ) to be the following invariant:
e(X ) :=
∑
σ¯
(−1)dim σ¯|Stab(σ¯)|, (7.4)
where the sum runs over the q-cells σ¯ of X and |Stab(σ¯)| is the order of the
stabilizer subgroup of σ¯ in G.
We can calculate e(X ) in the following way. Let χ(X ) denote the Euler charac-
teristic of the underlying space. First, for all minimal orbifolds X , set
◦
χ(X ) = χ(X ).
Next, consider any orbifold X , the strata of X are the connected components of
sets with the same isotropy subgroup. Let {Xi} be the strata of simple orbifolds of
X then we define
◦
χ(Xi) recursively as
◦
χ(Xi) := χ(Xi)−
∑
X ′
i
◦
χ(X ′i ), (7.5)
where the sum runs over the strata {X ′i} of simple orbifolds of of Xi.
Lemma 7.11. The orbifold invariant e(X ) can be expressed as
e(X ) =
∑
Xi
◦
χ(Xi) · |Stab(Xi)|, (7.6)
where the sum runs over the strata {Xi} of X .
Proof. We start with the contribution to e(X ) by each of its minimal strata. Let
X0 be a minimal orbifold and let {σ¯0} be its q-cells. Then,∑
σ¯0
(−1)dim σ¯0 |Stab(σ¯0)| = χ(X0) · |Stab(X0)|.
The additional contribution from any simple orbifold Xi ⊂ X is∑
simple σ¯i
(−1)dim(σi)|Stab(σ¯i)| =
(
χ(Xi)−
∑
Xj⊆Xi
◦
χ(Xj)
)
· |Stab(Xi)| (7.7)
=
◦
χ(Xi) · |Stab(Xi)|. (7.8)
The left hand side sums over simple cells. These are cells of the orbifold Xi that
are not contained in any smaller orbifold Xj ⊂ Xi.
Then summing over all the strata of X , the lemma is proved. 
Remark 7.12. Let {STi} be the simple strata of a Reeb orbifold ST and suppose fT
is a Morse function on ST as in Section 7.2. By Proposition 7.10, the Morse complex
of fT coincides with the complex of the cell decomposition of the underlying space
of ST . Then e(ST ) =
∑
(−1)ind(x)|Stab(x)|, where the sum runs over all critical
points x of fT , and for short, denote the Morse index by ind(x). So now we have
e(ST ) =
∑ ◦
χ(STi) · |Stab(STi)|.
We refer the reader to [ALR] for further details on this invariant e.
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7.5. Proof of Theorem 1.7. We prove the statement for χ+(M, ξ) and the case for
χ−(M, ξ) is proved similarly. Recall that the vector space CMBl (M,α) is generated
by the set of critical points x of the Morse functions f
T
with degree l = |x| =
µRS(ST )−
1
2 dim(ST ) + ind(x) + n− 3, for T ∈ σ(α). A contact form that satisfies
the assumptions of Theorem 7.4 has only good Reeb orbits and therefore all Reeb
orbifolds are good. By (I1) and (7.1), for x ∈ CMBl ∩ST , we have∣∣µRS(xk)− 1
2
dim(ST ) + ind(x)− k∆(x)
∣∣ < n− 1, (7.9)
and hence
− 2 < |xk| − k∆(x) < 2n− 4. (7.10)
There are finitely many simple critical points since there are finitely many simple
orbit spaces by assumption. By this fact and the inequality (7.10), CMBl (M,α) can
be infinite dimensional only if ∆(x) = 0. Although the class of manifolds that have
Reeb orbits with ∆(x) = 0 do not meet all conditions of Theorem 7.4 , we still
cover this case (see Remark 7.5). We mention that there exist integers l+ and l−
such that dimHC±l(M, ξ) < ∞, for example, one can just take l+ = 2n − 4 and
l− = −2.
Considering the case ∆(ST ) > 0, denote the truncation of C
MB
∗ from below at
l+ and from above at N for some N > l+ by
C
(N)
l =
{
CMBl if l+ ≤ l ≤ N,
0 otherwise.
The Euler characteristic of C(N)∗ is then
χ
(
C(N)∗
)
=
∑
(−1)l dimC
(N)
l =
N∑
l=l+
(−1)l dimCMBl .
The chain complex C(N)∗ is generated by the critical points x ∈ C
MB
∗ and its k
th
iterations, where |xk| ∈ [l+, N ]. The inequality (7.10) shows that k ranges from
some constant independent of N up to roughly N/∆(x).
There are no bad Reeb orbits by assumption, and so σ(xk) = σ(x), for all k.
Then iterations of each x contribute to χ
(
C(N)∗
)
by Nσ(x)/∆(x)+O(1) as N →∞.
Fix one maximal orbifold ST , let {STi} be the set of simple strata of ST , and
denote the order of the stabilizer of STi by pi := |Stab(STi)|. Then iterations of any
critical point x′ ∈ ST of fT can be expressed as x
′ = xpi , where x is a simple periodic
orbit of STi . Then the contribution to χ
(
C(N)∗
)
by iterations of each critical point
x of minimal period T
i
can be expressed as
Nσ(x)
∆(x)
=
Nσ(x)
∆(xpi )
· p
i
=
Nσ(ST )
∆(ST )
(−1)ind(x) · p
i
.
Next, we want to sum over all critical points. First, start with the minimal orbit
space with the smallest period T0. Summing over all critical points of fT with min-
imal period T0, we get that the contribution by ST0 and its iterations to χ
(
C(N)∗
)
is roughly∑
x c.p.∈ST0
Nσ(x)
∆(x)
=
∑
x c.p.∈ST0
Nσ(ST )
∆(ST )
(−1)ind(x) · p
0
=
Nσ(ST )
∆(ST )
· χ(ST0) · p0 .
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Then, consider any STi ⊂ ST . Summing over only the critical points x ∈ STi of
fT with minimal period Ti, the orbifold STi and its iterations, make the following
additional contribution:∑
x min′lc.p.∈STi
Nσ(x)
∆(x)
=
∑
x min′lc.p.∈STi
Nσ(ST )
∆(ST )
(−1)ind(x) ·p
i
=
Nσ(ST )
∆(ST )
·
◦
χ(STi) ·pi .
Taking the sum over all the simple orbifolds STi of ST , we get that the contribution
by ST to χ
(
C(N)∗
)
is roughly∑
STi
Nσ(ST )
∆(ST )
·
◦
χ(STi) · pi =
Nσ(ST )
∆(ST )
· e(ST ).
Now, adding the contributions from all maximal orbit spaces with positive mean
index, we get
χ
(
C(N)∗
)
= N
∑+ σ(ST )
∆(ST )
· e(ST ) +O(1) as N →∞,
and hence
lim
N→∞
χ
(
C(N)∗
)
N
=
∑+ σ(ST )
∆(ST )
· e(ST ).
To finish the proof it remains to show that
χ+(M, ξ) = lim
N→∞
χ
(
C(N)∗
)
/N. (7.11)
By the definition of C(N)∗ , we have Hl
(
C(N)∗
)
= HCl(M, ξ) when l+ < l < N .
Furthermore, |HN
(
C(N)∗
)
−HCN (M, ξ)| = O(1) since dimCN = O(1). Hence,
χ
(
C(N)∗
)
=
∑
l
(−1)l dimHl
(
C(N)∗
)
=
N∑
l=l+
(−1)l dimHCl(M, ξ) +O(1)
and (7.11) follows. This completes the proof of the theorem.
8. Examples
In this section, we use the Morse-Bott version of the MEC formula to calculate
the mean Euler characteristic of several examples. Some of these were previously
worked out in [GK]. It should be noted that in these examples, the contact homol-
ogy can also be calculated; see [AM, Bo2, Pa]. Our computations make use of some
index data from in [Bo2].
Example 8.1 (The standard contact sphere). Consider the sphere S2n−1 ⊂ Cn
with the standard contact form
αst =
i
2
n∑
j=1
(zjdz¯j − z¯jdzj)|S2n−1 .
The form αst restricts to a contact form on the sphere S
2n−1 and the
corresponding Reeb flow is given by
(z1, . . . , zn) 7→ (e
2πitz1, . . . , e
2πitzn).
All the orbits of the Reeb flow are closed forming only one simple orbit space S1
and we have
µRS(Sk1) = 2kn, σ(S1) = 1, and ∆(S1) = 2n.
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We have
e(S1) = χ(S1) · |Stab(S1)| = n,
since this orbit space is also maximal and S1 ≃ CP
n−1. Putting this data into the
Morse-Bott MEC formula (1.5), we get
χ+(S2n−1, ξst) =
1
2
and χ−(S2n−1, ξst) = 0.
Example 8.2 (Circle bundle). Let π : M2n−1 → B be a prequantization circle bundle
over a closed symplectic manifold (B,ω). In other words, we have π∗ω = dα where α
is a connection form (real valued) onM . Then α is a contact form whose Reeb flow
is the circle action on M . The Morse-Bott version of the MEC formula (Theorem
1.7) readily applies to a calculation of χ+(M, ξ), where ξ = ker(α), provided that
c1(ξ) = 0 and the weak index- positivity codition is satisfied. Namely, let us assume
first that M is simply connected. Then
χ+(M, ξ) =
χ(B)
2 〈c1(TB), u〉
,
where u ∈ π2(B) is the image of a disk bounded by the fiber inM . (The assumption
that c1(ξ) = 0 guarentees that the denominator is independent of the choice of the
disk.) This is an immediate consequence of Theorem 1.7 and the observation that
in this case ∆(B) = 2 〈c1(TB), u〉, which is routine to verify; see also [Bo2, Section
9.1].
Dealing with the case when M is not simply connected, fix a section s of
S1[(Λn-1
C
ξ)⊗2], then the denominator ∆(B) can be geometrically described as fol-
lows. For p ∈ B, pick a unitary frame of TpB and lift it to a trivialization along
the fiber over p. This trivialization gives rise to a section s′ of S1[(Λn-1
C
ξ)⊗2] also
along the fiber. Then, essentially by definition, ∆(B)/2 is the rotation number of
s
′ with respect to s. (By the way, this also proves that ∆(B) = 2 〈c1(TB), u〉 in
the simply connected case.)
When M is simply connected, the weak index-positivity assumption is satisfied
when (B,ω) is positive monotone, i.e., [ω] = λc1(TB) on π2(M) and λ > 0. This
condition ensures that ∆(B) > 0 and χ−(M, ξ) = 0. A similar argument applies in
the weakly index-negative case, corresponding to λ < 0, with the roles of χ+ and
χ− interchanged.
A similar method can also be used to calculate the mean Euler characteristic
for a general Boothby-Wang fibration; see [Pa, Section 9.1.2] for relevant index
calculations. Here however, we are not going to follow this line of reasoning but
instead, consider a specific example of interest.
Example 8.3 (Ustilosky spheres). A Brieskorn manifold Σ(a) = Σ(a0, · · · , an) is
defined as the intersection of
V(a) = V (a0, · · · , an) = {(z0, · · · , zn) ∈ C
n+1 : za00 + · · ·+ z
an
n = 0}
with the unit sphere S2n+1 ⊂ Cn+1, where aj ≥ 2 are natural numbers. This
manifold admits a contact form α. A well-known result of Brieskorn is that when
n = 2m+ 1 and p = ±1 (mod 8), a0 = p, a1 = 2, . . . , an = 2, then Σ(a) is
diffeomorphic to S4m+1. The 1-form
αp =
i
8
n∑
j=0
aj(zjdz¯j − z¯jdzj)
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restricted to Σ(a) is a contact form. The Reeb field is Rαp = 4i(
z0
a0
, · · · znan ) and
the corresponding Reeb flow is given by
(z0, . . . , zn) 7→ (e
4it/pz0, e
2itz1, . . . , e
2itzn).
There are two simple orbifolds.
(1) T = π (z0 = 0): For Sπ, we have |Stab(Sπ)| = p, Sπ ≃ CP
n−2, and
◦
χ(Sπ) = n− 1.
(2) T = pπ (z0 6= 0): The orbifold Spπ is a maximal orbit space and contains
a p-cover of Sπ. Since Spπ is homeomorphic to CP
n−1, we get
◦
χ(Spπ) = 1.
The index of a k-cover of Spπ is given by
µRS(Skpπ) = 2k((n− 2)p+ 2).
The above data gives us
e(Spπ) = (n− 1)p+ 1, ∆(Spπ) = 2((n− 2)p+ 2), and σ(Spπ) = 1.
Then by the Morse-Bott MEC formula (1.5), we get
χ+(M, ξp) =
1
2
((n− 1)p+ 1)
((n− 2)p+ 2)
and χ−(M, ξp) = 0.
This verifies that the mean Euler characteristic distinguishes infinitely many
inequivalent contact structures on S2n−1 given by different choices of p where
p = ±1 (mod 8).
Remark 8.4. On S2×S3, as is shown in [AM], there are infinitely many inequivalent
contact structures ξk, for k ∈ N, in the unique homotopy class determined by
the vanishing of the first Chern class. It is not hard to see that the mean Euler
characteristic also distinguishes the contact structures ξk.
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